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1. Introduction

The free-flight motion of a slowly spinning elastic missile has been studied by a number of
authors (/-6). Although the theory of Murphy and Mermagen (6) is valid for large spin rates, no
Magnus force is included in the aerodynamic force distribution. In this report, the force
distribution is extended to include a Magnus force distribution function. The finite element
method (FEM) (6) is then used to calculate the first five positive frequencies and the first three
negative frequencies of the motion of a 10-cal. spinning cone cylinder. The elastic frequencies
are shown to be strongly affected by the high rate of spin required to stabilize this projectile. For
certain values of the elasticity, it is shown that spin resonance can occur with the lower elastic
positive frequencies, and maximum strain can exceed the plastic limit.

2. Coordinate System

The elastic missile is assumed to consist of a very heavy elastic circular rod of fineness ratio, L,
and mass, m, embedded in a very light symmetric aerodynamic structure that may be longer than
the rod. The rod’s axial moment of inertia is /_, and its transverse moment of inertia about its
center is /,,. The rod’s diameter can vary over its length, and its maximum diameter will be
denoted by d. All distances will be expressed as multiples of the rod diameter, and its length is
Ld. A nose windshield of length, x,,d , may be attached to the forward end of the rod, and fins
or a boat tail may extend beyond the end of the rod at a distance, x,,d. Thus, the rod is located
between x, =—L/2 and x, = L/2, while the aerodynamic structure extends from x, = x, —x,, to

X, =X, TX,5.

An earth-fixed coordinate system will be used with the X,-axis oriented along the initial direction
of the missile’s velocity vector. The Z.-axis is downward pointing and the Y,.-axis determined by
the right hand rule. A nonrotating coordinate system, XYZ is then defined with origin always at
the center of the rod and the X-axis tangent there. The X-axis pitches through the angle, &, and
yaws through the angle, y, with respect to the X,-axis. Body-fixed coordinates, XV, Z, , are now

defined for which the Y;-Z; axes rotate with the missile.

We will conceptually slice the missile into a large number of thin disks perpendicular to the
X-axis with thickness, dx. When the rod flexes, the disks shift laterally perpendicular to the
X-axis and cant to be perpendicular to the centerline of the disks. This canting action neglects
the shear deformation of the rod, and this constraint is called the Bernoulli assumption (7). The
lateral displacement of a disk has body-fixed coordinates J,,,9,., and the disk is canted at angles

r,.rT,.

by



29 20
r,=—2=; I,=—Z 1
by ax bz ax ( )
It is important to note that at the central disk
5, (0.0)=5, (0.6)= T, (0.6)= I, (0.£)=0. @)

The earth-fixed coordinates of the central disk are (x,, y,, z,), and the earth-fixed coordinates of
the other disks are computed in terms of the central disk earth-fixed coordinates, their body-fixed
displacements, and the Euler angles 0,y,¢:

X, =X, +x[l—(t//2 +6° )/2] —l//Re{(éby + iébz)ei¢} +9]m{(5by + iébz)ei¢} , (3)
Yae = Ve +XW+R6{(5by +i5bz)ei¢}’ 4)

and
Z, =2z, —x¢9+lm{(5by +i5bz>ei¢} . (5)

Murphy and Mermagen (5, 6) used the nonspinning elastic coordinate system with XYZ axes.
(¢ = 0) . The lateral displacements of a disk in this elastic coordinate system are shown in
figures 1 and 2 and can be computed from body-fixed quantities.

P Missile Centerline

Figure 1. X-Z coordinates of the cross-sectional disk.



Figure 2. X-Y coordinates of the cross-sectional disk.

8y =0y, +i0,, = (0, +10,. )e”, (6)

and
=T, +il, = (I, +il, )e". )

In Murphy and Mermagen (5), the partial differential equation (PDE) for the missile’s flexing
motion is derived by use of Newtonian mechanics and the assumption that each disk can be
assumed to be a point mass. Thus, the canting of the disks is neglected, and their axial and
transverse moments of inertia are set equal to zero. The complete Lagrangian is obtained
including the canting of the disks required by the Bernoulli assumption and is used to obtain a
more accurate PDE in appendix A. For the small spin considered, this modification has a very
small effect on the eigenfrequencies. For a spin-stabilized projectile, the required spin can be
30-100 times the aerodynamic frequencies and can have a large effect on the eigenfrequencies.

3. Aerodynamic Force

The y, and z, components of the central disk velocity can be approximated by linear relations in
angles of pitch and yaw with respect to inertia axes (9, y/) and angles of attack and sideslip with
respect to the velocity vector (a, ) (figures 1 and 2).



ve=(V/d)(ptw), (8)

and
z,=(V/d)(a-0). 9)
Equations 8 and 9 can be written as a single complex equation:
v +iz,=(V/d)(q,+4,), (10)
where
q, = PB+ia (11)
and
q, =y—i0. (12)

In Murphy and Mermagen (5), the linear aerodynamic force loading is expressed in terms of
three force distribution functions, ¢, (x),c,, (x),c, (x) and the base pressure coefficient, C,,,,,
plus a body-fixed force associated with possible bent fins. The complex angular velocity of the
central disk is ¢, = ¢,,. Because the lateral motion of the missile is quite small, ¢, =—¢,, and
the aerodynamic damping force terms in the aerodynamic loading on the aerodynamic structure
can be combined. For a rapidly spinning projectile, we will introduce a Magnus force
distribution function c ,, (x) This aerodynamic loading in nonrotating elastic coordinates is

dF
— =gy (x). (13)
ar, + i@ =-g [cfl (x) * i(¢d/V)c/M (x)] [ql - (55 _x91)(d/V)} . (14)
dx dx +c,, (x)(qu—F)(d/V)
F;cbp = _glCDbp . (15)
The total aerodynamic force acting on the aerodynamic structure is given by the integrals of
equations 13 and 14 and by adding the base drag of equation 15 to the axial force:
F. =-gC, :_g1|:_[CD(x)dX+CDbp]' (16)

and

Fe_g, (cl +i(¢5d/l'/)clM )% +c, (qld/V) | a7
_Jl(t)_i(¢d/V)J1M (t)_‘]z (t)(d/V)

where various functions are defined in appendix B.



Similarly, the transverse aerodynamic moment about the rod’s center can be computed from the
transverse aerodynamic force and a small axial force contribution:

M=M, +iM,
(Cs +i(¢d/V)CSM )% +C4(41d/V) . (18)
_Js(t)_i(éd/V)JSM (t)_‘j4 (t)(d/V)_Js(t)

The primary components of drag are head drag and base pressure drag. The third component is
skin friction drag that is ~15% of the total drag and will be neglected in this report to simplify
the FEM calculations.

:_i(gld)

The actual angular motion will be described by aerodynamic moment about the center of mass.
The static and Magnus moment coefficients, for example, are as follows:

C,, =C3—x., (19)
and
Copa = Carr = X.Copp (20)
where
x,=(1/L) Jg xpydx . (21)

X1

The center of mass of the projectile will be at the center of the rod if the axial mass density along
the rod, p,, is constant.

4. Frequencies

For simplicity, the spin will be required to be always positive. The angular motion of a statically
stable rigid missile (C,,, <0) can be described by the sum of two complex exponentials:

q, = Kloe(mwj“*)t + Kzoe(wié”)t , (22)
where
b = b1, /21,%|~(gid/1,)C,, (1-5,) (23)
and
o g¢dIC | (24)



These two frequencies are opposite in sign and ‘qﬁm‘ > ‘¢2R‘ . The motion of a statically unstable
missile (C,,, > 0) will have the same expression if it is gyroscopically stable (s, >1). (/51R and
é,, are both positive, but ¢, is still larger than g, ,.

For a nonspinning statically stable missile,

¢31R = _¢52R = Wy (25)

where

Wy = \/(gld/]t)|CMa : (26)

The frequencies for a statically unstable missile with gyroscopic stability factor equal to 1 have a
similar form.

¢31R = ¢2R = Wy (27)

The elastic motion of a homogeneous circular rod with constant diameter is determined by its
fineness ratio Z. and an elastic parameter ;.

wl = EyI,L/md®. (28)

E, is Young’s modulus at the center of the rod and , is the area moment of inertia at the center
of the rod. The standard analysis for a nonspinning free-free beam gives the following relation
for infinity of elastic frequencies:

o =(f /L) @, , (29)

where

f, =4.730,7.853,10.996,14.137... . (30)

For the odd number modes, the rod is symmetric U-shaped, whereas for the even number modes,
the rod is antisymmetric S-shaped.

In Murphy and Mermagen (6), the parameter ¢ = o, /w, was used as a measure of the elasticity

of a finned missile. We will continue to use this parameter to describe the elasticity of a spin-
stabilized projectile. For a slowing spinning finned projectile, it has been shown that the
aerodynamic frequencies are affected by the elasticity when o <20. For a spin-stabilized
projectile, the first elastic frequency should be compared with the spin and not the aerodynamic
frequency. Thus, we will see that the elastic frequencies are affected by the spin when o < 200.

The frequencies present in the motion of a nonspinning elastic projectile would form an infinite
sequence where the first two frequencies would be related to ¢,, and ¢,, , while the later ones
would evolve from o, , i.e., (¢52K+1 = 0By, = —, TOr o> 200). The odd-numbered modes



rotate in the direction of the spin, have positive frequencies, and are called positive modes, while
the even-numbered modes have negative frequencies and are called negative modes. Since the
modes for a spinning missile essentially bifurcate, j = 3 is a symmetric mode rotating in the
direction of spin, j =4 is a symmetric mode rotating in an opposite direction to the spin, j =5is
an antisymmetric mode rotating in the direction of spin, j = 6 is an antisymmetric mode rotating
against the direction of spin, etc.

5. FEM

The rod is assumed to be represented by the sum of an inelastic bent component rotating with the
missile and an elastic deformation.

0 (1) =0 (1) +5, (1) mSxsx, (31)
and
5b(xat):553(x)+5b(x’t); X <x <X, (32)
where
do... (0
Oy (0) = Ec‘jx( ) =0. (33)

Because the aerodynamic nose structure is rigidly attached to the rod,

0 (x,0) =8, (x,, )+ (x—x,) I (x,,1) X, <x <X, (34)
The motion of the elastic component of the rod is controlled by the elasticity of the rod and the
aerodynamic force acting on it.

FEM is a very powerful method for calculating the time history of the elastic flexing motion.
The rod is divided into n, elements of length Z, = L/nj. We will consider only an odd number
of elements with the center of the central element satisfying equation 2.

The shape of the j-th element is given by a linear combination of third-order Hermitian
polynomials (6).

6 (x.1)= 2.4, ()N, (2), (35)
where
x=Le(z+zj) , (36)
z;=x /L, +j-1, (37)
and
0<z<1. (38)



The coefficients of the polynomials are complex functions of time and are called connectors.
The first two connectors are the deflection and slope of the left end of the element and the third
and fourth are the deflection and slope of the right end. To ensure continuity in deflection and
slope at junction points, the corresponding pairs of connectors are equal. For n; elements, there
are 2n; independent complex connectors, g, . Itis convenient to let the index for the connectors
run from3to n, =2n; +2.

In Murphy and Mermagen (6), n, complex second-order differential equations are derived for
the n, complex variables q,,.

M

Z[Rmnqn + (Smn + I¢Sr:1n ) qn + (Tmn + I¢Tn:n ) qn:| = tmewj ! (39)
n=1
where
qn = (qbny + iqbnzn)ei¢ (40)
and
tm :(mdz)tmD +(gld)th' (41)

The 7n, coefficients in equation 41 are defined for no Magnus force in Murphy and
Mermagen (6). The inclusion of the Magnus force distribution function, c;, (x) modifies some
of the T_ and t_, coefficients in appendix C.

6. Cone Cylinder Frequencies

Transient frequencies and damping rates for a 9-cal. cylindrical rod with a 1-cal. conical nose
can be obtained from the homogeneous part of equations 41, (t,, =0). The necessary parameters
are given in appendix D. The first eight frequencies and damping rates for o =20 were
obtained from 3-, 5-, and 7-element codes and are compared with results of the PDE method of
Murphy and Mermagen (5) (table 1). The frequencies that differ from PDE results by >5% are
marked by a “x.” The 3-element code gives good results for the first four frequencies and the
5-element code is good for the sixth, seventh, and eighth frequencies. The fifth frequency,
however, requires more than seven elements. In figure 3, the rod shapes for the fifth mode are
plotted for the FEM code and the PDE value. We see that the antisymmetric shape specified by
the PDE value probably requires at least 13 segments to describe it.



Shape of the beam at sigma= 20, p =7000
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Figure 3. Shape of the beam for j = 3, 5, 7 element and PDE (real part of the shape).

The two aerodynamic frequencies do not differ from their rigid values. The elastic frequencies,
however, are quite different from nonspinning values of +w, . The first two positive frequencies
are 150% and 130% greater than these values.

Figure 4 shows the positive and negative first elastic frequencies divided by the zero-spin value
given by equation 30. When the first elastic frequency is much greater than the spin (o ~ 200),
these ratios are near unity. Figure 5 shows similar results for positive and negative second
elastic frequencies.

7. Bent Projectile Resonances

In Murphy and Mermagen (5, 6), a bent rod was described by a pair of quartic curves:

Oy = dpyx* +d, x* —-L/2<x<0

(42)
=d,,x* +d,x"* 0<x<L/2.
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These curves can then be used to calculate the inhomogeneous coefficients in equation 42. For a
slowly spinning finned missile, the aerodynamic coefficients, t_,, dominate while for a rapidly
spinning projectile the dynamic coefficients, t,,, dominate. These inhomogeneous terms induce
a modal response at the spin frequency that can have a large amplitude when the spin is equal to
one of the transient frequencies. The values of d; given in appendix D specify the very small
deflection of the rod forward tip of 0.0015 in.

For constant spin, special solutions of equation 39 have been calculated in Murphy and
Mermagen (6). These trim solutions have the form

g, (t) =s,e"". (43)

Using 5 elements, the 12 s s can be computed for fixed values of spin and o . The complex
location of the forward end of the rod is specified bys,, .

In figure 6, the amplitude of the forced motion of the forward end of the rod is plotted vs. o for
two values of spin. The resonances at o =119.3,126.3 occur when the positive first elastic
frequency is equal to a spin value while the resonances at o =21.9, 23.2 occur when the positive
second elastic frequency is equal to a spin value. The amplitude of the flexing motion of the
forward end of the rod is 70% of its diameter.

mag(s11) versus sigma; p=6800, 7200
U-E T T T T T T T

dotted curve = 7200

0.7 solid curve = 6300 }

06

mag(s11)
c © O
1) fu h

o
ha
T
I

o
—
T
|

0 20 40 60 80 100 120 140 160
sigma

-

Figure 6. mag(s,,) vs. o for 5-element code, ¢ = 7200 rad/s, 6800 rad/s.
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In Murphy and Mermagen (6), a nonlinear spin equation is derived:

1§+ Re{md’ (0, —ig, T +ig,T;) - 2d Q,} = £d (G, .. (44)
where the cubic terms /,.,0,,,J;,and Q, are defined.
For a cone cylinder, the linear roll moment coefficient has a very simple form,
(C)ypew =G, (dd]7). (45)

Equations 39 and 44 for five elements can be integrated to show the occurrence of resonance
with the positive first elastic frequency (o =122.8). All initial conditions are made zero except
for ¢50 =7000rad/s. Figures 7-9 show the time variation of spin, angle of attack magnitude, and
rod forward tip motion magnitude, ¢5,|q1b|,|q11b|. Resonance is clearly shown at # = 0.25 s when
spin is near 7000 rad/s. According to figure 9, the maximum amplitude of the forward rod
motion is 30% of the rod diameter. Thus, the motion amplification due to spin going through
resonance is less than half its resonance value. For rigid finned projectiles, relations between
pitching motion amplitude due to spin varying through resonance and its resonance value are
given in Murphy (8).

phidot versus time
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7000

6950

6900
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6850

6800
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Figure 7. ¢ vs. time for o =122.8, ¢50 =7100.
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magiq1b) versus time
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Figure 8. mag(qy, ) vs. time for o =122.8, ¢0 =7100.
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Figure 9. mag(q,,,) vs. time for o =122.8, (150 = 7100.

13



For the symmetric waveform of the first elastic mode for a nonspinning rod with no force
loading, the maximum strain occurs at the midpoint.

%5, (0)

ey =(1/2) 2| (46)

Figure 10 shows the variation of maximum strain with time. For most metals, yield occurs for
strain >0.0015. Thus, figure 10 shows yield at resonance.

mag{eM) versus time
0.025 . . . .

0.02

0.015

mag{eM)

0.01

0.005

DD 0.1 02 03 04 05

time (s)

Figure 10. mag (e,, ) vs. time for o = 122.8, ¢50 =7100.

8. Summary

The previously derived FEM theory, which was applied to slowly spinning finned projectiles,
has been extended to rapidly spinning spin-stabilized projectiles.

Positive and negative elastic frequencies for a spin-stabilized projectile have been calculated, and
their magnitudes have been shown to be significantly different for o <200 .

Resonance with the first elastic mode has been demonstrated, and very small rigid asymmetries
have been shown to cause yield at resonance.
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Appendix A. Improved Partial Differential Equation

The roll moment of inertia of a circular disk is 2a (md2 )p2 (x)dx and its transverse moment of
inertia is a d(mdz)pz(x)dx where a, is (16L) " and p,(x) describes the variation of moments of
inertia along rod. In the derivation of the partial differential equation (PDE) in Murphy and
Mermagen,! the disks were assumed to be point masses, i.e., a, = 0. In Murphy and
Mermagen,” the kinetic energy associated with a, for a disk was shown to be T, dx , where

T, =(a,md’/2) [F§ +172 4 2Re{§(2iF - §r) T +i (I - 2i4r) Q}} P (A-1)
where Q=1q,,.

According to Geradin and Rixen,® two terms in T,, appear in the PDE for a flexing projectile:

d (ot oT,, | 5 .. .. 5 .o

a{a—g]_(aj = (md'a, ) [F, + 445, + 2T, +-24q]. (42
and

d(er, oT, | 5 .. .  y ) .

TGt b a2 -

The contribution of "T“d to the improved PDE is obtained by multiplying the second term by 1,
adding it to the first term and differentiating the result with respect to x. The improved version
of equation 52 in Murphy and Mermagen' is

0°S 0's ~
e 299 o
+@ —+wykc,,

ot ox
. . d(c,o
~ | L(c, +i(pd/V ), )T+ (el =8, ) (dfV) - (gi )}
O (e e s .
=adL§(F—4z¢T+2¢ )+ Eé+Eé+ixQ—N. (A-4)

! Murphy, C. H.; Mermagen, W. H. Flight Motion of a Continuously Elastic Finned Missile. Journal of Guidance, Control
and Dynamics January—-February 2003, 26, 89-98.

2 Murphy, C. H.; Mermagen, W. H. Spin-Yaw Lockin of an Elastic Finned Projectile; ARL-TR-3217; U.S. Army Research
Laboratory: Aberdeen Proving Ground, MD, August 2004.

3 Geradin, M.; Rixen, D. Mechanical Vibrations: Theory and Applications to Structural Dynamics; John Wiley: Chichester,
1994, pp 172-174.
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The first boundary conditions at x; and X, are modified by adding the sum of the first term and i
times the second term evaluated at x; and x,. Equations 53 and 55 of Murphy and Mermagen'

become
%H&*ﬂ (x,1)+gicp (%) 8 (x,,1)
+adL[iQ—(f(xl,t)+2¢2F(xl,t))—2i¢(iQ—2f(xl,t))]a)gz =—g.f  (A-5)
and
5, (x,.1)

o +/€cd3(x2,t)+g4cD (x2)5(x2,t)

4 L] iQ~(I(2x,,0)+ 26T (x,,1)) = 2ig (1020 (x,.1)) @ = g, S5 (A-6)

The trim solution equations 78, 79, 81, 86, and 87 of Murphy and Mermagen! are replaced by

d*s d*s dé < < de
dxfT - E dxfT - E, ;T +E0,; _8'45&@,_)2J
= E&( -N,—E,. +E,, (A-7)
a5, (x
$+g4cb (xl)é‘T (xl)+E6 I:(éT/S)_FT (xl):l
—ia, (&d/V)[g4CLa§T _LNTa)(;z} ==8fir> (A-8)
a5, (x
L0 0) s g, ()6, (1) +EL[ (6 /5) T )]
—ia, (¢d/V)[g4CLa§T —LNTa)(?] =84 /ors (A-9)
d*w, d*w, dw
a’x41 5 dle 5 dxl tEw
. ~ d
:Eségr_NT_EBF+EB+g45cT%= (A-10)
and
d*w d*w dw
dx4m -E, dxzm -E, dx’"+E5wm=0; m=23, (A-11)
where
E =g cq+(igd/V)(cp+en )= (A-12)
E, =5a,L§ 0, (A-13)
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and

Ey =g, {(Cfl +i(¢d/V)CfM )FB +(C.f2FB _CflaEB)(iéd/V)_%
+(dfw,) 8, +E, d;;B . (A-14)

The transient solution equations 92, 94-96, and 98 of Murphy and Mermagen' are replaced by

d*y d’y dy dc R
b, dx4k —Eq dsz -E, ka TEGW, — 8,V d_)? =E; —N,, (A-15)
d*w d’w dw . dc
b, de_ Eq dx24 -E, dX4 TEaw, =E; - N, g,y d_)]: 5 (A-16)
d*w d’w dw
b, dx4m —Egq dxzm -E, d_;+E5ka =0 ; m=5,6, (A-17)
dy . _ dy (x
dek + g4E7I:CD (‘//k - l//kc)+b3 : |:E7k —Eg, dgc 1)}
+ta, (Ak _2i¢)(d/V)[g4CLa _LNka)o_z]b;l =~8,E fies (A-18)
and
d’y _ . dy (x
dx3k +g4E71:cD(Wk _‘//kc)"'b31 |:E7k —-E, d(x 2)}
ta, (Ak _2i¢;)(d/V)|:g4CLa _LNka)o_z}b;l = 84E [y (A-19)
where
Ey =a,L(4 -4i4, +24 ) oy’ (A-20)
E,, =a,L4 (4, -2ip)m,, (A-21)
and
by =1+2ke;" (4, -if). (A-22)

For simplicity, the small Magnus contribution to the boundary conditions in this appendix have
been neglected.
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Appendix B. Integrals

B.1 Aerodynamic Coefficents

X3
¢ = Icfldx =Cy,
Xo
3
Cy = '[cwdx: C

Xo

Npo

X3

c, = J.cﬁdx:[CNq +CN(.J0

X0

Cry =2¢,, =Xy,

B.2 Functions of Time

5.(0)=(/L) [ 5, s

X

J, (t)zTcﬂFdx
Jiu (t)zTcWFdx
J,(1)= J.(cfzf—cﬂfiE)dx

R

¢, = Icﬂxdx = [CMQ ]0

X3

Cyy = j C pyXdx = [CMW l)

Xo

c, = f CyXdx = [CMq +C, ]O

Xo

[ ]O:xL,:O

Jy(t)= J-cflfxdx

X0

T (1) = j ¢ xdx

J, (t):I(cfZF—cf18E>xdx

X3

Js(r)=ch(sE—sc)dx{sE(xl)—sc}cDbp

Xo
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Appendix C. Magnus Terms

Cim = Crpa = | Com (X)dx Canm = Crppw = | Com (X)de
Jve = ICMFBdX Jous = J.chFBXdX
A I
h;; =J.ch(x)Ng(z)dZ x=Le(zj+z)
0
R 1
by = J[en (XN, (2)Jxdz 2, = (x/L)+j-1
0
1
P.il:Le.[CM(X)NP(Z)dZ p’q:1525334
0
R 1
Bpj = LeJ.CﬂVIFBdiZ
0

A

Rl ol 12 12 I h 0 B A AR A A
hqc,hqa,hqa,hqc,hpcl,h h, .h arecalculatedfromhqj,hqj,h h, . in the

pal? " Bpc > Bpa pjl> " Bpj

same manner as f ., f,, were computed from f ..

pe?

h, .h, ,h_,,h, are then computed in the same way as f, .
. 1
h :J-CfM (X)Nf1 (Z)Np (z)dz X:Le(Zj+Z)
0
ij(Xl/Le)-f‘j—l
p.q=1,2,3,4

h,, is computed from h ; in the same manner as f,, was computed from f ..

m,n=3.
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T,

—_

= (207 /V)ey,

T, (gldz/V)c3M
T,,

T, (gld2 /V) h,
T, =—(g,d*/V)h,,

IS4
|| ||

T, =—(g,d*/V)h,,
T, =2md%a b,
T, ——(gldz/V) (mdz/L)(2o)0/ool) m,n >3

ta =Jig +i((i)d/V)(J2B +J1MB)
tha = I3 +i(d)d/V)(J4B +J3MB)
th :me+faBm+i((i)d/v)(gBm+gaBm+th) m23

The Magnus force on the aerodynamic extension has a small effect on the flexing motion and has
been neglected in the previous relations.
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Appendix D. Projectile Parameters

pi=py=p=1 x, =0

L=9 ¥ =3000 ft/s
d=0.35 ft p=0.002 slugs/ft’
m = 1.60 slug X =0 x, =1

I.=0.0245 slug-ft’

I1,=1.335 slug-ft’
¢, =4(5.5-x)

_ ez(x—s,s)

Cry = 2(5.5-x)

=2+0.5(1— 29

cp =0
=-0.07

¢, =(0.30)(5.5-x)

0
=0.14

cDbp
d,=2x107

$ =7000rads
®,, =102.8rad/s
®, =51.3rad/s
Cy, =25

Cy, +Cy =34
C,,,=-0.5

Npa

45<x<55
-45<x<45

45<x<55
-45<x<45

2<x<55
—45<x<2

45<x<55
x<4.5

C,, =—0.025
d,, =-125x107"

dy=d, =0
®,, =25.6rad/s
s, =1.6

C,, =117

Cyy +Chs =50
c,. =1.1

Mpa
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0=20 Jlo,=136 w0, =199 @,/ w,=.50
o /0w, =200 o,/w, =551 o, /o, =108

Table D-1. Transient frequencies and damping rates.

Code K ¢5k /a)R A [,
3 element 1 2.003 -0.0074
5 element 1 2.002 -0.0074
7 element 1 2.003 -0.0074
PDE 1 1.993 -0.0075
3 element 2 0.502 -0.0263
5 element 2 0.502 -0.0263
7 element 2 0.502 -0.0263
PDE 2 0.505 -0.0265
3 element 3 51.25 -0.0113
5 element 3 50.91 -0.0168
7 element 3 50.85 -0.0167
PDE 3 50.71 -0.0112
3 element 4 -32.85 —-0.0213
5 element 4 -32.76 -0.0139
7 element 4 -32.74 -0.0138
PDE 4 -32.67 -0.0139
3 element 5 138.61x -0.0186
5 element 5 130.02x -0.0274
7 element 5 125.93x -0.0256
PDE 5 118.94 -0.0237
3 element 6 -70.48 —-0.0305
5 element 6 -69.20 -0.0161
7 element 6 -68.57 -0.0159
PDE 6 -67.29 -0.0158
3 element 7 172.74x -0.0271
5 element 7 161.55 -0.0255
7 element 7 160.45 -0.0245
PDE 7 159.76 -0.0326
3 element 8 -01.99x -0.0164
5 element 8 -93.05 -0.0150
7 element 8 -92.62 -0.0148
PDE 8 -92.34 -0.0144

Note: PDE = partial differential equation.
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List of Symbols, Abbreviations, and Acronyms

¢y (x) aerodynamic force distribution functions

d maximum rod diameter

E(x) Young’s modulus

Ey Young’s modulus at rod center

F F, +iF, complex transverse aerodynamic force

a, (16L)

& pVs/2

I(x) (d )4 H yidydz=(d )4 H z*dydz , area moment of rod
1y area moment at rod center

I, axial moment of inertia of projectile

Lo transverse moment of inertia of projectile about rod center
L rod length/rod maximum diameter

L, L/n; , dimensionless length of element

m projectile mass

p=0¢ spin

n, number of rod elements

n, 2n; +2

q, S +ia, complex angle of attack of central disk (nsc)
9. w —if complex yaw and pitch of central disk (nsc)
q, y —i6 complex yaw and pitch rate of central disk (nsc)
q, n=3.4...n, FEM connectors (nsc)

i n=3.4...n, FEM connectors (bfc)
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S nd’ /4

14 magnitude of projectile velocity

X, X, location of beam ends

Xop> Xy dimensionless length of fore and aft aerodynamic extensions
X, axial location of center of mass

a angle of attack of central disk (nsc)

angle of sideslip of central disk (nsc)

r Oy , complex cant of disk
ox
Ey maximum strain of rod
O Oy, +10,, , lateral displacement of disk (nsc)
@ roll angle
¢3k frequency of k-th mode
A damping of k-th mode
yo, air density
o axial variation of mass
o o/,
o, lowest elastic frequency of beam in vacuum
o rigid projectile frequency for s, =0, 1
F= (F;,F ) ,FZ) aerodynamic force exerted on missile (nsc)

M = (M oM, M Z) aerodynamic moment exerted on missile (nsc)
Re{z} real part of z
Im{z} imaginary part of z

Carat superscript denotes quantity for a single element.

Tilde superscript denotes elastic parameter for bent missile.
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B subscript denotes parameter for bent projectile.

E subscript denotes an elastic coordinate parameter (nsc).

b subscript denotes an body-fixed coordinate parameter (bfc).
(bfe) body-fixed coordinates

(nsc) nonspinning coordinates
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